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Cosmic inflation is commonly assumed to be driven by quantum fields. Quantum mechanics
predicts phenomena such as quantum fluctuations and tunneling of the field. Here we show an
example of a quantum interference effect which goes beyond the semi-classical treatment and which
may be of relevance in the early universe. We study the quantum coherent dynamics for a tilted,
periodic potential, which results in genuine quantum oscillations of the inflaton field, analogous
to Bloch oscillations in condensed matter and atomic systems. Our results show that quantum
interference phenomena may be of relevance in cosmology.
It is commonly assumed that the universe underwent
inflation, an early epoch of rapid expansion [1–4]. Infla-
tion successfully explains a number of cosmological ob-
servations, such as the near homogeneity and isotropy of
the universe. In addition, quantum fluctuations during
inflation are assumed to have seeded the observed large-
scale inhomogeneities in the matter distribution. There
is currently much interest in identifying other observable
signatures of genuine quantum effects in cosmology [5–
8]. In this Letter, we treat the inflaton field quantum
mechanically and study its quantum dynamics. Due to
quantum interference phenomena, the dynamics can sig-
nificantly differ from the semi-classical predictions, with
possible consequences for observations.
In the simplest model of inflation a single scalar field is
responsible for the rapid expansion of the universe. Here
we briefly review the main results [9, 10]. The classical
action for the scalar field Φ with a potential V (Φ) and
gravity is
S =
∫
d4x
√
|g|
(
m2P
2
R−
1
2
gµν∇µΦ∇νΦ− V (Φ)
)
, (1)
where R is the Ricci-scalar, g the determinant of the met-
ric and mP = (8πG)
−1/2 is the reduced Planck-mass (we
use units with ~ = c = 1 throughout the manuscript).
The homogeneous and isotropic solution for the gravita-
tional field is the FRW-metric, given by
ds2 = −dt2 + a(t)2
(
dr2 + r2dθ2 + r2sin2θdφ2
)
, (2)
where for simplicity a spatially flat universe was assumed.
Defining H = a˙/a, where the dot denotes differentiation
with respect to the time coordinate t, the Einstein equa-
tions for a homogeneous field Φ(x, t) = Φ(t) yield
H2 =
1
3m2P
(
1
2
Φ˙2 + V (Φ)
)
H˙ = −
1
2m2P
Φ˙2
(3)
The Klein-Gordon equation on the above metric becomes
φ¨+ 3HΦ˙ + V ′(Φ) = 0, (4)
where the prime denotes differentiation with respect to
Φ. The Hubble parameter H , characterizing the expan-
sion of the universe, depends on the field Φ and its po-
tential V (Φ). These cause the scale factor a(t) to grow
exponentially during most of the inflationary period. To-
wards the end of inflation the potential energy is reduced,
the “friction” term 3HΦ˙ in eq. (4) can become negligible
and the field oscillates inside the potential V (Φ). As the
expansion ends, the field decays into other particles. This
can be approximately captured by an additional effective
damping term ΓΦ˙ in the equation of motion (4).
The equations of motion are analogous to the descrip-
tion of a particle in a potential. Despite the use of a
quantum field in the model, the description so far was
completely classical. In the usual treatment, inhomoge-
neous perturbations to the field, δΦ(x, t), are considered
in the linearized regime and quantized. These pertur-
bations, which are interpreted to arise due to vacuum
fluctuations, become squeezed due to inflation and decay
into the matter distribution we see today.
Here we consider the quantum dynamics of the full in-
flaton field. To this end, we consider the equation of mo-
tion (4) for the quantized homogeneous field Φˆ and study
the resulting quantum dynamics. We consider standard
quantization with
[
Φˆ(x), πˆ(y)
]
= i~δ(x− y), where πˆ is
the conjugate momentum field operator. In the usual,
semi-classical treatment, the field has always a specific
well-defined value, say Φ1. In this treatment, quantum
tunnelling can transform the field from one well-defined
value to another, Φ1 → Φ2 [11]. The system can prob-
abilistically “penetrate” a classical barrier, but it mate-
rializes with a classically well defined value afterwards.
However, quantum mechanically the field can be in a su-
perposition of different amplitudes, |Φ1〉+ |Φ2〉, which is
not captured by a semi-classical treatment. Until a mea-
surement is performed, or decoherence occurs, superpo-
sitions of different amplitudes are physically valid solu-
tions. Usually, such states are fragile and would quickly
decohere, as for example in condensed matter systems.
2Within the single-field inflationary model, however, one
can expect quantum coherence to be preserved. Assum-
ing that no deleterious effects destroy the quantum coher-
ence until some time t∗, the field can evolve into quantum
superpositions for times t < t∗. For a quantum state, one
can only assign probabilities to each specific value of the
field, but none of the possible superposed outcomes are
yet classically realized.
In our discussion the quantized nature of gravity is
neglected. In other words the gravitational degrees of
freedom remain fully classical and we interpret H = 〈H〉
as an effectively classical variable. Clearly such a treat-
ment is incomplete in describing the full evolution during
all of inflation and the entanglement with gravitational
degrees of freedom is not accounted for. To incorporate
the latter, a quantum theory of gravity would be nec-
essary, which is outside the scope of this work. As the
field evolves during inflation, the “damping” term 3HΦ˙
also suppresses the fragile quantum dynamics. Nonethe-
less, one can expect our treatment to be approximately
valid when the dynamics of the metric is slow, i.e. either
before or after slow-roll inflation.
We are mostly interested in the time evolution of the
quantum scalar field when the damping due to expansion
can be neglected. In this regime the quantum dynamics
of the field is governed by
¨ˆ
Φ + V ′(Φˆ) = 0 . (5)
Rather than studying the decomposition of the field into
individual modes, we consider the equation of motion for
the entire field. This resembles the quantum evolution of
a system in first quantization. Note that the dynamics of
quantum systems in the presence of potentials has been
extensively studied in low-energy quantum theory [12].
Here we can directly apply some results to the field oper-
ator Φˆ, since the equation of motion is analogous to the
Heisenberg equation of motion for the position operator
in non-relativistic quantum theory.
In particular, we consider the model by Abbott [13]
which considers a potential of the form
V (Φˆ) = V0 cos
(
2πΦˆ
f
)
+ ǫ
Φˆ
f
, (6)
as also depicted in Figure 1. We assume this potential
describes the dynamics in the regime that we are inter-
ested in, namely towards the beginning and end of infla-
tion. This model has also been studied in the context of
a cyclic universe [14]. The quantum dynamics for this
type of potential is very different from the classical coun-
terpart: quantum systems undergo coherent, periodic os-
cillations around the classical mean. The eigenstates for
this potential are not localized inside a potential well;
rather they are delocalized over several minima. Thus,
if the system is initially inside a well, it will not have
݂ ߳
ܸ(߶)
݊ = ߶/݂
ȳ
FIG. 1. The assumed potential for Φ, which consists of a
periodic part and an additional homogeneous field (see eq.
(6)). The minima (sites) are labeled by n, the orange lines
represent the local ground states. The field can tunnel from
one site to another, governed by the rate density Ω. Due
to the tilt in the potential, the quantum dynamics results in
coherent, periodic oscillations over many sites.
a well-defined energy but will be in a superposition of
different energy eigenstates. The system will evolve in
time and spread out (this being also the physical reason
for quantum tunneling). In other words, the states local-
ized in the minima are not ground states or true vacuum
states, but will slowly delocalize. Importantly, the de-
localization is also altered by the linear contribution to
the potential: the “tilt” is responsible for coherent os-
cillations of the system, also known as Bloch oscillations
[15, 16]. These oscillations can extend over many min-
ima and are quantum mechanical in nature, as they arise
due to quantum interference. Such oscillations have been
observed in various experiments [17–19].
To study the effect in detail, we can directly use the
developed techniques in low-energy quantum theory [20–
23]. It is convenient to express the full dynamics of the
system with potential (6) in the Hamiltonian formula-
tion, where the dynamics of Φˆ, eq. (5), is generated by
an effective Hamiltonian Hˆ =
∫
d3xHˆ with the Hamilto-
nian density
Hˆ = −
Ω
4
∞∑
n=−∞
(aˆnaˆ
†
n+1 + aˆn+1aˆ
†
n) + ǫ
∞∑
n=−∞
naˆ†naˆn. (7)
Here, the operator aˆ†n (aˆn) creates (annihilates) a field
excitation in the n-th local potential well minimum (see
Figure 1), and Ω is the hopping rate per unit volume be-
tween neighboring sites. In terms of these operators, the
field is Φˆ = f
∑
n naˆ
†
naˆn. The use of the above Hamil-
tonian assumes only nearest-neighbor hopping, and ne-
glects any higher energy levels inside the minima (only
the local false vacuum states are considered).
In the Heisenberg picture, the operator Φˆ(t) evolves in
time according to eq. (5). The same Hamiltonian can
3also be used to study the dynamics in the Schroedinger
picture [24, 25], i.e. the dynamics of the state, or wave
functional, is given by |Ψ(t)〉 = Uˆ |Ψ(0)〉 = e−iHˆt|Ψ(0)〉.
The Schroedinger picture can be instructive to gain in-
sight into the quantum processes that arise.
Classically, the system would be accelerated by the lin-
ear term in eq. (6), but if trapped in a potential mini-
mum, it would remain bound. Semi-classically, the sys-
tem can tunnel to the neighboring site, governed by the
rate ω =
∫
d3xΩ. The full quantum dynamics given by
eq. (7) predicts a coherent quantum phenomenon: Bloch
oscillations of the system at a frequency ωB =
∫
d3xǫ.
These oscillations can be described in terms of the eigen-
states of the Hamiltonian (7), the Wannier-Stark states
[26] |ψm〉 with eigenenergies Em = mǫ with integer m.
In terms of the localized states |Φn〉 = |n〉 corresponding
to site n, these are given by
|ψm〉 =
∑
n
Jn−m
(
ω
2ωB
)
|n〉, (8)
where Jk are Bessel functions of the first kind. Us-
ing the summation property of the Bessel function,∑
n Jn(x)Jn+k(x)e
2iky = ikJk(2x siny)e
−ikx/2, one finds
the propagator from site k to n to be
〈n |Uˆ | k〉 =
∑
j
e−iEjt〈n |ψj〉〈ψj | k〉
= Jn−k
(
ω
ωB
sin(
ωBt
2
)
)
ei
1
2
(n+k)ωBtin−k.
(9)
Thus, if the system is initially localized at some site (or
in other words, is in a false vacuum)|Ψ(0)〉 = |n = 0〉,
the time evolution is
|Ψ(t)〉 =
∑
n
inJn
(
ω
ωB
sin(
ωBt
2
)
)
e−
i
2
ωBt|n〉. (10)
During the full evolution, the mean remains unaffected
(〈Φ〉 = 0), but the system coherently spreads periodi-
cally over many sites, with the Bloch frequency ωB. The
largest oscillation amplitude of the field is on the order
of L ≈ fω/ωB. After a time TB = 2π/ωB, the state is
given by its initial value, |Ψ(TB)〉 = |Ψ(0)〉, see Figure 2.
At each instant of time, one can only assign a probability
to a certain field value, given by |〈n |Ψ(t)〉|. The state
remains delocalized until a measurement or decoherence
occurs.
One can also find the solutions in the Heisenberg pic-
ture [21, 23], i.e. the time evolved field state Φˆ(t). To
this end, we follow the algebraic approach as developed
in Ref. [23]. The displacement operator Dˆ shifts the
field from one site to the next, i.e. Dˆ|n〉 = |n + 1〉
and Dˆ†|n〉 = |n − 1〉, and has the properties DˆDˆ† = 1,[
Dˆ, Φˆ
]
= f Φˆ. The Heisenberg equation of motion for
the displacement operator gives the solution Dˆ(t) =
߱஻ݐ
݊
|߰ ݊ |ଶ
FIG. 2. Bloch oscillations of the system, for an initially lo-
calized state inside a potential well. The state periodically
spreads over many sites of the potential (labeled by n), with
frequency ωB. The maximum amplitude of the oscillations is
l ≈ ω/ωB .
Dˆ(0)eiωBt. In terms of the displacement operator, the
field operator evolves in time as
˙ˆ
Φ(t) =
ifω
4
(
Dˆ(0)eiωBt − Dˆ†(0)e−iωBt
)
(11)
with the solution
Φˆ(t) = Φˆ(0)+
fω
4ωB
(
Dˆ(0)
(
eiωBt − 1
)
+ Dˆ†(0)
(
e−iωBt − 1
))
(12)
We link the results to cosmological parameters via eq.
(3), interpreting H as a semi-classical mean value. If
the field has initial Gaussian spread over many sites,
|Ψ(0)〉 = N
∑
n e
−n2/2σ2 |n〉, where N is the normaliza-
tion factor, the relevant quantity becomes
〈
˙ˆ
Φ2
〉
=
f2ω2
8
(
1− e−1/σ
2
cos(2ωBt)
)
≈
f2ω2
4
sin2(ωBt),
(13)
where the last approximation holds for an initially broad
Gaussian. For this case, the quantity
〈
˙ˆ
Φ2
〉
undergoes
oscillations at frequency ωB. We thus have
H2 =
f2ω2
24m2P
sin2(ωBt) +
1
3m2P
〈V (Φ)〉 (14)
In the case when
〈
˙ˆ
Φ2
〉
is comparable to 〈V (Φ)〉 (so for
the occupied sites n sufficiently low in the potential land-
scape such that the potential energy is comparable to the
kinetic energy, n ∼ f2ω2/ǫ), the quantum coherent os-
cillations of the inflaton field can significantly contribute
to the value of the Hubble parameter.
4We note that in deriving the results, the term 3HΦ˙ in
eq. (4) has been neglected. One can effectively include
the term by inserting the result from eq. (14) back in
eq. (4). This term will cause the Bloch oscillations to
be damped on a time-scale of order 1/H . Neglecting the
damping term can hold during “fast roll”, when the accel-
eration dominates over the friction term (for the example
considered here, this constitutes the regime H ≪ ωB or
1≫ 3HΦ˙/Φ¨ ≈ fω/(mPωB), requiring that the periodic-
ity of the field is smaller than the Planck-mass). One can
expect this condition to hold at the early stages of infla-
tion and towards the end of inflation, thus one may ex-
pect the strongest Bloch oscillations to occur then. This
translates to super-horizon scales and small scales, re-
spectively. In addition to the damping, any possible deco-
herence channel will destroy quantum coherence and the
associated Bloch oscillations [27]. Within the single-field
inflationary model, however, one would expect quantum
coherence to be preserved.
Linking our results to observations of the cosmic mi-
crowave background anisotropies or large scale structure
requires the study of spatial perturbations on top of the
quantum solution for the homogeneous field, which will
be studied elsewhere. Oscillations such as in eq. (14)
would correspond to periodic changes in the timing at
which field fluctuations exit the horizon. This would lead
to a periodic modulation of the power spectrum of matter
density fluctuations in the observable universe. Their de-
tection could provide evidence of quantum coherent phe-
nomena during inflation (although a different potential
could lead to classical oscillations with a similar signa-
ture; discerning the quantum oscillations from classical
ones requires knowledge of the potential).
The quantum coherent oscillations discussed in this
Letter have been derived for the specific, periodic Abbott
potential [13]. The present analysis serves as an example
for quantum interference effects that may be of relevance
in cosmology. The example of Bloch oscillations may
in fact be relevant whenever several potential minima
are present. For Bloch oscillations to occur, the bound-
ary conditions are negligible as long as they are further
away than the maximum coherent oscillation amplitude
L = fω/ωB [20]. Thus, for a potential with many local
minima and periodicity over a finite region, similar be-
haviour can be expected. In string theory for example,
one expects a vast potential landscape [28] where such
conditions may be met. If, however, the minima are com-
pletely disordered and spread out randomly, quantum in-
terference results in localization of the field in analogy to
Anderson localization [29].
Finally, we note that coherent and periodic oscillations
of the field may be of interest in the context of “dooms-
day” scenarios [30, 31], in which bubble nucleation at
different local potential minima may occur.
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